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1. INTRODUCTION 
The Hermite-Fejtr interpolatory polynomial, Hn(f; x), of degree <2n - 1 
is defined by 
fLCfi 4 = i fc%J(l - xX,N-n(~)/~(x - X?d2 
k=l 
where xkn = cos((2k - 1)/2n) n, k = 1, 2 ,..., n, are the zeros of the 
Tchebychev polynomial T,(x) = cos(n arc cos x). Bojanic [l] has shown that, 
for any continuous functionfdefined on [- 1, I], 
(1.1) 
where ~~f~~ = sup{/ f(x)l: - 1 < x < l}, C is a constant, and w(f, 6) is 
the modulus of continuity offon [- 1, I]. 
Let (a,> be a sequence of positive numbers strictly increasing to co. For 
any real r-unction f(t) defined on (-co, oo), the extended Hermite-Fejer 
operators are defined by 
Hsu [4] has shown that these extended Hermite-FejCr operators may be 
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used to approximate continuous functions, f(x), of any order of growth 
as 1 x / + co. In this note we investigate the degree of approximation by the 
extended Hermite-Fejtr operators. 
2. PRELIMINARIES 
In the sequel et ek(x) = xk for k = 0, 1, 2 ,.... 
LEMMA 2.1. Let {L,) be a sequence of linear operators which are positive 
(see [2] or [3]) on [-c, c], 0 < c < co, with common domain D, and let 
{LYJ be a sequence of positive numbers strictly increasing to co. Let 
--co<a<x<b<oo, fsDnC(--oo,oo), e,ED (i=O,1,2), and 
L,(e, ; x) = 1. If there exists a number p > I and a positive increasing 
function Q such that 52;O E D and f(t) = O(Q(l t I))(1 t I + co), then, for 
n b A4 = M(x), 
where 
I f(x) - LCf(G>; x/4 G W,f, PA + mi2 I f(x)1 pn2 
+ C,[L,((Q(CI, / t I))*; x/o~J]ll” m,2’P’pt’B’, 
(UP) + (UP’) = 19 m, = min{I a - x 1, j b - x I}, 
4.L [a, bl; 6) = maxiI f(p) - f(4: I p - v I < 6, p, v E [a, bl), 
b&) = (%Lt - xl22 Pn = p,(x) = [L,($4zz ; hJ11’2, 
and C, is a constant depending only on f such that If(t)/ < C,sZ(l t I), 
--oo<t<oo. 
Lemma 2.1 is the easy extension of [3, Theorem 2.21 to the whole real line. 
LEMMA 2.2. Let {aA} be an increasing sequence of positive numbers. Let 
Q and its derivative 52’ be positive increasing functions on (0, co). Then 
1 H, (&n I . I); ;) - .n(l x I> 1 < 2C ( ’ +iog n ) ~n2.Q’(4, 
where C is Bojanic’s constant from (I. 1). 
If p > 1, we have 
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Proof. Let g(x) = a(,, 1 x I) f or XE [-1, 11. Then by (1.1), for every 
x E [-a, 9 %I, 
and the proof is completed by showing that 
w( g, h) < 2ho1,2Q’(4. 
Forexample,ifIx/ <h,IyI GhandIx-yl <h<l,wehave 
I ‘t?(x) - dY)l G Q(% I x I> - J-w) + Qn(% IY I) - J-w) 
d 2(Q(%h> - Q(O)) 
< 2hci,2Q’(a,). 
IfIhI<x<lwehavey=y-x+x>>--Ix-yl>Oandso 
I g(x) - dY)l = I Q(%&4 - Q(%Y)I 
< %a2 I x - y I J-q%) 
< h~n2Q’(4, 
and the remainder follows easily. 
3. MAIN RESULTS 
THEOREM 3.1. Let {an} be a sequence ofpositive numbers strictly increasing 
to 00 and -co < a < x < b < CO. Let f E C(- CO, CO) and suppose there 
exist a number p > 1 and positive increasing functions D, !? such that 
f(x) = w4/ x l))(l x I - 00). 
Choose N = N(x) such that x E [-LYE , olN]. Zf n > N(x), then 
I ffdf(W); 44 - f(4 < 26.G 42/n)1/2) + mi2 I f(x)1 2an2n-l 
+ CJQ*(l x I) + 2Cp((l + log n)/n) CY,~Q*-~(O~,) Q’(,,)]l/* 
x m;2iP' (2an2n-l)l/*' 
where C is Bojanic’s constant, and p, p’, mz, w(f, [a, b]; 6) and Cl are as 
in Lemma 2.1. 
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Proof. First, if I,& = (LYJ - x)~, 
k=l 
If n > N(x) and x E [-01~, a,], then 
-1 <x/al, e 1 and 0 < 1 - .&(x/a,) < 2. 
Thus 
IL(x) = W?a(&&); x/%)11’2 G 42/~)““. 
Now it is easy to see that HJeO ; x) = 1 and the Hermite-FejCr operators 
are positive on [- 1, 11. The result now follows from Lemmas 2.1 and 2.2. 
Denote 
ewm+d4 = ew(expmx) and h%n+1(4 = hav&nx). 
Theorem 3.1 has an immediate application to a result of Hsu [4]: 
THEOREM 3.2. For any continuous function f(x) defined on (-CO, co) 
and satisfying the order condition f(x) = O(exp,+, 1 x I)(/ x 1 --f co), 
$2 ffn(f(t lwn+2(n)); e%m+2w = f(x) 
almost uniformly on (- co, 00). 
The rate of convergence in Theorem 3.2 is given by choosing 01, = 
log,+,(n) in Theorem 3.1. 
We call r;2 a modulus of continuity on [0, co) if 52 is continuous and non- 
decreasing on [0, co); Q(t, + t2) < i&t,) + Q(t,) for t, , t, > 0; Q(h) < 
(A + 1) Q(t) for A, t > 0; Q(0) = 0; and (l/t2) Q(t,) < (2/t,) Q(t,) if 
tl < t2 . If Q is a modulus of continuity and A4 is a positive constant, let 
C,(Q) = {f 1 f is continuous on (- co, co) and I f(x) - f(t)/ < MQ(l x - t I) 
for all x, t}. Let a > 0, (+J be a positive sequence strictly increasing to co, 
and 11 g 11 = sup{1 g(t)l: -a < t < a}. Define 
The next result is an extension of Bojanic’s result [l] to the approximation 
of functions unbounded on the real line. 
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THEOREM 3.3. There exist constants KI , K, > 0 such that for any modulus 
of continuity Q on [0, a) and positive sequence {an} strictly increasing to 00, 
and all n 2 N(a, OI,J 
The proof of Theorem 3.3 follows the lines of [2, Theorem 7.11, pp. 232- 
2371, once we note the following lemma (compare with [2, Lemma 7.1, 
p. 2281. 
LEMMA 3.4. Let D be a modulus of continuity on [0, co) and {an} be a 
positive sequence strictly increasing to 00. If n >, 2, then 
n-1 
tm2i&t) dt < 1 l@L?(oq+(k + 1) m) 
k=l 
G (8~44 I $:, t-2l2(t) dt. n 
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